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This paper presents a new, simple low-dissipation numerical flux function of the AUSM-family for all speeds,

called the simple low-dissipation AUSM. In contrast with existing all-speed schemes, the simple low-dissipation

AUSM features low dissipation without any tunable parameters in a low Mach number regime while it keeps the

robustness of the AUSM-family fluxes against shock-induced anomalies at high Mach numbers (e.g., carbuncle

phenomena). Furthermore, the simple low-dissipation AUSM has a simpler formulation than the other all-speed

schemes. These advantages of the present scheme are demonstrated in numerical examples of a wide spectrum of

Mach numbers.

Nomenclature

A = wave amplitude
C = chord length of airfoil
c = sound speed
e = total energy of unit volume
fp = numerical dissipation function ofM in pressure

flux in proposed scheme
f� = numerical dissipation function ofM in mass flux in

proposed scheme
~Fi;j, ~Ri;j = inviscid and viscous flux vectors from ith to jth

cells
g = switching function ofM in proposed scheme for

strong expansion cases
h = total enthalpy
l = wavelength
M = Mach number
_m = mass flux, _m� �u
Pr = Prandtl number, 0.72
p = pressure
~p = pressure flux
q = primitive variables
Qi = conservative variables of cell i
R = radius of circular cylinder
Re = Reynolds number
St = Strouhal number
si;j = interface area of cells i and j
u, v, w = velocity components in Cartesian coordinates
Vi = volume of cell i
Vn = velocity component normal to cell interface
xn, yn, zn = normal vector components in Cartesian coordinates
� = coefficient in AUSM� and AUSM�-up, 1=8
��, �� = function ofM in AUSM-family schemes
� = preconditioning matrix
� = specific heat ratio, 1.4
" = preconditioning coefficient, or decay ratio of wave

amplitude

� = thermal conductivity
� = (molecular) viscosity
� = density
� = switching function in proposed scheme

Subscripts

L, R = left and right running wave components
o = cutoff in AUSM�-up scheme
t = turbulent
0 = initial or stagnation value
1=2 = cell-interfacial value
1 = freestream value

Superscripts

� = left-side value at cell interface
� = right-side value at cell interface

= averaged value of both sides at cell interface

I. Introduction

W HEN we attempt to apply compressible computational fluid
dynamics (CFD)methods to very lowMach number flows, as

is known, we shall pay particular attention to slow, or sometimes
stalled, convergence due to the huge ratio of characteristic speeds and
the errors arising from an excessive amount of numerical dissipation.
These defects are dramatically overcome by using preconditioning
matrix methods [1–3]. These methods work well under a subsonic
speed; however, shortcomings of the original (unpreconditioned)
schemes in higher Mach number flows are inherited: the precond-
itionedRoe scheme [1], for instance, still suffers from shock-induced
anomalies, such as the carbuncle phenomena in hypersonic flows. In
addition, those schemes need at least one problem-dependent
parameter, such as cutoff Mach number or freestreamMach number,
which sometimes restricts the applicability of the scheme. This
parameter should be a very small but nonzero number for very low
Mach number flows, but the users inevitably encounter the problem
of how to properly define such a number when no uniform flow is
present (e.g., an internal flow). Thus, those schemes cannot be
applied successfully for flows involving both low and high Mach
number regions.

As another approach, an all-speed version of the Roe scheme was
developed without relying on the cutoffMach number in [4] but with
additional parameters and reference values required instead. It will
suffer from shock anomaly issues in a highMach number regime as it
recovers to the original Roe scheme.

On the other hand, a number of schemes have been proposed to
overcome weaknesses of schemes in a high Mach number regime.
Among them, the advection upstream splitting method (AUSM),
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originally developed by Liou and Steffen [5], and its variant AUSM-
family schemes [6–8] are simple, yet accurate and robust, for high
Mach number flows. Thus, they have been widely used as one of the
standard methods of compressible CFD algorithms. In recent years,
all-speed versions of AUSM-family schemes that can compute from
very low Mach number to very high Mach number flows are also
developed by Edwards [9] and Liou [10]. Schemes of this kind are
very attractive for various applications, such as sound generation by
supersonic plume, flows in a liquid rocket engine combustor, and
cavitating gas–liquid flows. However, methods in [9,10] also include
at least one problem-dependent parameter. In addition, the algorithm
simplicity of the original AUSM was sacrificed in those methods.

Therefore, the purpose of this study is to develop an all-speed
scheme of the AUSM-family that is in a simple form and free from
reference parameters, such as cutoffMach number. First, the AUSM-
family schemes are briefly described, and then, a new simple flux
function that reduces numerical dissipation in a low Mach number
regime is introduced, which is named simple low-dissipation AUSM
(SLAU) (Sec. II). By comparing with existing methods, advantages
of the present scheme are demonstrated in applications to flow
computations involving fundamental flow features, such as shock,
vortex, boundary-layer separation, and sound propagations, in wide-
ranging Mach number regimes (Sec. III). Finally, the concluding
remarks will be given in Sec. IV.

II. New Numerical Flux for All Speeds

A. Basic Equation

Navier–Stokes equations (including the preconditioningmatrix�,
which is simply eliminated in the nonpreconditioned form) can be
written in the finite volume form as
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�Qi � ��1i
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where ~Fi;j and ~Ri;j are inviscid and viscous fluxes, respectively; Vi,
�ti, and�Qi are volume, time-step size, and change of conservative
variablesQ, respectively, of cell i; and si;j is the cell-interfacial area
between cells i and j. As for flux vector components, � is the density,
ul are the velocity components in Cartesian coordinates, e is the total
energy per unit volume, p is the pressure, h is the total enthalpy
[h� �e� p�=��], and T is the temperature. The working gas is air
approximated by the calorically perfect gas model with the specific
heat ratio � � 1:4. The Prandtl number is Pr� 0:72. The molecular
viscosity � and thermal conductivity � are related as �� cp�=Pr,
where cp is specific heat at constant pressure. In a turbulent case, the
turbulent viscosity �t is given by a turbulence model and related as
�t � cp�t=Prt, where Prt is the turbulent Prandtl number 0.89.

The inviscid flux computation is quite important in high Reynolds
number flows, not tomention in inviscid flows. In this paper, only the

inviscid flux term ~Fi;j is discussed, whereas the viscous term ~Ri;j is
calculated according toWang [11] in viscous cases, if not mentioned
otherwise.

B. Brief Description of AUSM-Family Schemes

Numerical inviscid flux calculated by an AUSM-family scheme is
generally expressed as follows: using extrapolated left-side (�) and
right-side (�) cell-interface values of either first-order or higher-
order via MUSCL,

~F� _m� j _mj
2

�� � _m� j _mj
2

�� � ~pN (2)

� � �1; u; v; w; h�T (3)

N � �0; xn; yn; zn; 0�T (4)

h� �e� p�=� (5)

Here, xn, yn, and zn are Cartesian components of a normal vector
from the left to the right; u, v, and w are velocities in the x, y, and z
directions; and �, e, _m, and p represent density, total energy of unit
volume, mass flux, and static pressure, respectively.

C. Correction on Pressure Flux for Low Dissipation at Low

Dissipation at Low Mach Number

Most of the AUSM-family schemes use the following pressure
term inherited from the flux vector splitting of van Leer [12]:

~p� ��p� � ��p� (6)

�� �
(

1
4
�2�M���M� � 1�2 � 	M��M�2 � 1�2; jM�j< 1

1
2
�1� sign��M��	; otherwise

(7)

M� � V
�
n

�c
� u

�xn � v�yn �w�zn
�c

(8)

We set 	� 0; that is, the higher-order term introduced by Liou [6] is
eliminated in this study for brevity.

Equation (6) can be exactly rewritten as follows [9]:

~p� p
� � p�
2

� �
� � ��
2

�p� � p�� � ��� � �� � 1�p
� � p�
2

(9)

The third term of Eq. (9) approaches the following notation in low
Mach number limit by neglecting the higher terms of Mach number
and by introducing the appropriate averaged sound speed,

��� � �� � 1�p
� � p�
2

) 3

4�

�� � ��
2

�c�V�n � V�n � (10)

We can see that this term works as numerical dissipation having a
scale of sound speed. Thus, it is suitable for high subsonic speeds,
whereas it is too large in low Mach number flows where the sound
speed is orders larger than local fluid velocity [9]. (If we take the

average sound speed as �c�
��������������������������������������������������
��p� � p��=��� � ���

p
, the

preceding equation is exactly true; while it still holds approximately
for another choice of �c, such as �c� �c� � c��=2. Thus, for
simplicity, we employ �c� �c� � c��=2 in the rest of the present
paper.) On the other hand, our preliminary numerical tests (although
not shown here) showed that the simple averaged pressure [i.e., only
the first term of Eq. (9), instead of full Eq. (9)] led to serious
oscillations or divergence, even at low Mach number flows (where
the second term is negligibly small); therefore, the dissipative effect
of the pressure term [the third term of Eq. (9)] is essential for stability.

To control themagnitude of the dissipationwhile keeping stability,
we replace the third term of Eq. (9) similarly to [9] but in a different
way. We introduce the new form of the pressure term as
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� � p�
2

(11)

Here, fp is a nondimensional function to control numerical
dissipation. For the third term to have the scale of convective velocity
in a low Mach number regime while keeping the original form in
higher Mach numbers, fp should have the following features:

fp

�
/ jMj jMj � 1

�1 jMj � 1
(12)

As a simple and smooth function, the following form given by
Eqs. (13–15) is chosen here:

fp � 1 � � (13)
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�2 (14)
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�����������������������������������������������������������������������������
u�2 � v�2 �w�2 � u�2 � v�2 �w�2

2

r !
(15)

where fp is similar to fa inAUSM
�-up‡ [10] [Eq. (16)] and simpler

than f�M� in [4] or others [1,9]. This function shows an asymptotic
behavior against the localMach number, as shown in Fig. 1.Onemay
note that fp in the present method and fa in [10] showed the same
trend (forM>M1), because the formulations look mathematically
the same to each other; however, in actual implementation, fa in [10]
is cut off at the prescribed value of M1, whereas fp in the present
scheme asymptotes to zero as the local Mach number. Furthermore,
they are based on totally different definitions for the local Mach
numbers: AUSM�-up [10] employed only the normal component
butwith freestreamMach numberM1, as shown inEq. (17),whereas
the present scheme in Eq. (13) usesmultidimensional velocity and no
reference value. The role of the multidimensional velocity will be
demonstrated later in Sec. III.K:

fa�MO� �MO�2 �MO�: scaling function inAUSM�-up (16)

M2
O �min�1:0;max� �M2;M2

1�	; �M2 � �V�2n � V�2n �=2a21=2 (17)

In addition, the present modification in Eqs. (11–15) does not violate
the contact discontinuity-preserving nature of most of the AUSM-
family schemes. For example, assuming p� � p� and all the
velocity components are zero (�� � �� � 0), the pressure flux in
Eq. (11) merely gives ~p� p� � p�, as it should be.

The pressure term was also modified in other all-speed AUSM
schemes [9,10] but in elaborate manners with problem-dependent
parameters involved. Our method presented herein is free from these
restrictions; thus, its extensive applicability is expected.

Note that the present modification is active only in low Mach
number regimes, and the original scheme is recovered otherwise.
Thus, the pressure termof the formofEq. (11)will be used for the rest
of the paper.

Careful readers may wonder if the interface pressure given by
Eq. (11) still holds for incompressible flow limit where variables
absent from incompressible flow expression, such as absolute
pressure or speed of sound, play roles. If we split pressure into its
reference value and variation as p� pref � p0, we can rewrite the
interface pressure of Eq. (11) as

~p0 � p
0� � p0�

2
� �

� � ��
2

�p0� � p0��

� fp 
 ��� � �� � 1�
�
p0� � p0�

2
� pref

�

Then, we realize that the reference pressure remains in the last
parentheses of the last term.With incompressible limitM! 0 [as in
Eq. (10)], however, the last term fp 
 ��� � �� � 1�pref leads to

3

2�
�ref

������������������������������������������������������������������������������
u�2 � v�2 � w�2 � u�2 � v�2 � w�2

2

r
�V�n � V�n �

by using fp defined by Eqs. (10–15). Thus, this form is totally free
from the reference pressure or the speed of sound; hence, it is suitable
for incompressible flow as long as an ideal gas is assumed and the
present notation is valid (extensions to real fluids are left as a future
work). Also note thatwe can usep0 instead ofp for reconstructing the
primitive variable in the MUSCL approach.

D. Selection of Mass Flux

It is known that various functions can be used as the mass flux
function of AUSM-type schemes. Among many methods, the mass
flux of Courant–Isaacson–Rees schemes for the locally linearized
Euler equation, which is rather well known as the Roe scheme,
written in primitive variables is used as a starting point in this section
for the following reasons:

1) It is exact in the sense of the upwind scheme for a locally
linearized Euler equation.

2) The role of each term can be clearly seen, as will be stated.
3) The resultant schemes using this mass flux suppress the

overshoot if a first-order scheme or a higher-order scheme with a
proper slope limiter is used, whereas original AUSM is known to
produce overshoot at shock front, even in a first-order scheme.

The mass flux function is written as

_m� 1

2
f��Vn�� � ��Vn��g�

1

2
j �Vnj��

� j
�M� 1j � j �M� 1j

4
���Vn �

j �M� 1j� j �M� 1j � 2j �Mj
4�c

�p (18)

�q� q� � q� (19)

where (�) stands for arithmetic averages of both sides (Roe averaging
is not used).

Each term of the mass flux can be interpreted as follows:
1) The first term denotes the average of the left and right states.
2) The second term is named as the density difference term and

denotes the direct diffusion term.
3) The third term is denoted as the velocity difference term.
4) The fourth term is denoted as the pressure difference term, or

simply the pressure term, representing acoustic damping, because the
term can be rewritten under isentropic conditions as

j �M� 1j � j �M � 1j � 2j �Mj
2�c

�p
 j
�M� 1j � j �M � 1j � 2j �Mj

2
�c��

(20)
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Fig. 1 Mach number effects of � and other scaling functions.

‡See Appendices A and B for full descriptions of SLAU and AUSM�-up,
respectively.
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∵�p
 �c2�� (21)

The scheme using this mass flux was named the simple high-
resolution upwind scheme (SHUS) [8] (or denoted as AUSM�-R in
[13]), and its low-dissipation version, which used pressure flux in
Eq. (11), was named low-dissipation SHUS [14]. Although these
schemes are more robust than the Roe scheme, they still encountered
the carbuncle phenomena (i.e., a multidimensional mode of shock
instabilities [15]) in a shock propagation problem in a two-
dimensional channel [16]. According to Liou [13], a mass flux that
contains a pressure difference term tends to exhibit the carbuncle
(shown later in Sec. III.B). Thus, this drawback had been expected to
be cured by elimination of the pressure difference term (�p term, the

last term) in Eq. (18). However, from our preliminary investigation,
this modification turned out to be a failure. The modified flux, in a
genuine one-dimensional (1-D) setup, showed the overshoot at a
shock front again. It is due to cancellation of the dissipation effects of
the second term (�� term) by the third term (�Vn term), considering
the fact that these terms have opposite signs across the shock where
the flow is compressed (�� > 0) and decelerated (�Vn < 0). In other
words, the original formof Eq. (18) appeared to have created a proper
amount of dissipation in a direction normal to the shock (1-D stable)
but not in its parallel direction (multidimensional unstable); whereas
the modified form (no�p term) is appropriate only for suppression
of the shock instability in its parallel direction (multidimensional
stable) but suffers from 1-D anomaly (1-D oscillation). This
discussion is summarized in Table 1, consistent with the results for
other schemes [15]. Thus, as suggested by Kitamura et al. [15], the
dissipation additions in the shock normal and parallel directions
should be considered separately, so that the parallel component is less
dissipative than the normal one in the designing of a universally
stable scheme.

The other existingmass flux functions can be decomposed into the
similar terms. For example, themass flux of the original AUSMhas a
form of a combination of 1–3, stated previously (i.e., without the
pressure difference term). In other words, practically usable fluxes
can be developed without the pressure difference term. Thus, it is
assumed that all the terms of Eq. (18) are not always necessary for the
formulation ofmassflux schemes. To see the effect of each termmore
clearly, we consider the simplest mass flux formula here.

The combination of the 1) average term and 2) the density
difference term forms a very simple scheme:

_m� 1
2
f��Vn�� � ��Vn�� � j �Vnj��g (22)

j �Vnj �
��jV�n j � ��jV�n j

�� � �� (23)

The mean normal velocity j �Vnj in Eq. (22) can arbitrarily be chosen.
However, it was reported that the simple average 0:5�jV�n j � jV�n j�
rather than the density weighting [Eq. (23)] had unphysically
prevented a supersonic jet of a light gas from coming into the
computational domain filled with a heavy gas at the inlet boundary.§

For instance, even when a positive inflow condition, �� � 1,
V�n � 4,�� � 7,V�n � 0, is prescribed at the inlet boundary, Eq. (22)

leads to negative ( _m��4< 0) for j �Vnj � 0:5�jV�n j � jV�n j� � 2,
whereas the positive incoming flow is realized ( _m� 0:5> 0) for the

choice of Eq. (23), j �Vnj � 0:5. Thus, the present form in Eq. (23) is
used in this study. Equation (22) can be rewritten as follows, and it is
clearly seen that the resultant mass flux will have a positive/negative
sign if velocities at both sides are positive/negative:

_m� �
�f���V�n � jV�n j� � ���V�n � jV�n j�g � ��f���V�n � jV�n j� � ���V�n � jV�n j�g

2��� � ��� (24a)

_m� ���V�n � V�n �> 0 if V�n ; V
�
n > 0 (24b)

_m� ���V�n � V�n �< 0 if V�n ; V
�
n < 0 (24c)

Obviously, a simpler and symmetric mass flux than the preceding is
merely the central difference scheme, but it is known that this scheme
will not give sufficient solutions for discontinuities. Therefore,
Eq. (22) seems to be the simplest massflux functions for AUSM-type
schemes. Surprisingly, this simple scheme turned out to be practi-
cally usable enough for over subsonic speed according to our
experience, but this scheme itself will not be discussed further in the
rest of the paper; instead, we consider introduction of an additional
term to Eq. (22).

Note again that this function still gives correct mass flux, i.e., no
flux for a stationary or amoving contact discontinuity where pressure
and (normal) velocity are constant on both sides.

This version will be further improved in the following subsection.

E. Corrections on Mass Flux for High and Low Mach Numbers

In our experience, the scheme in Eqs. (22) and (23) is acceptable
for moderate flow conditions, such as a transonic flow past an airfoil.
However, in extreme situations, such as a flow with an asymmetric
strong expansion, the following remedy should be introduced; other-
wise, the flux results in a negative internal energy at the interface:

_m� 1
2
f��Vn�� � ��Vn�� � j �Vnj��gf� (25)

To give a proper mass flux for the supersonic expansion case, we
require the following features for f� as

f� �
�

1 nonexpansion case

�0 supersonic strong expansion case
(26)

As a simple continuous function that satisfies the preceding
requirement, the following form is selected:

f� � 1 � g (27)

g� g� 
 g� 2 �0; 1	;
g� � �max�min�M�; 0�;�1	; g� �min�max�M�; 0�; 1	

�
(28)

where M� and M� are Mach numbers normal to the cell interface
defined in Eq. (8).

The behaviors of g� and g� are shown in Fig. 2: the function
g� g�g� works at a strong expansion (M� <�1 and M� > 1);
then, f� � 0 (g� 1) and Eq. (25) produces no (unphysical) flux.

Table 1 Relation between dissipation addition to the present

Euler flux with shock anomalies

Shock anomalies 1-D
(normal to shock)

Multidimensional
(parallel to shock)

Equation (18) (original) Stable Unstable/oscillatory
Equation (18) without �p term
(less dissipative)

Oscillatory Stable

§Private communicationwith Seiji Tsutsumi, JapanAerospace Exploration
Agency, October 2008.
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Thus, theway of elimination of unphysical flux at expansion cases in
SLAU is different from that in the exact Riemann flux. One may find
it ad hoc to introduce the function g, but we stress here that g is
activated only when it is needed; otherwise, Eq. (25) recovers to
Eq. (22),which expresses physics in a simplemanner. In otherwords,
g is designed as simple a function as possible, which eliminates
unphysical solutions at a strong expansion yet avoids deviations from
the original formulation. Its effect will be demonstrated in Sec. III.
Furthermore, numerical tests (to be shown) demonstrate that at
subsonic speeds, g�0< g < 1� does not harm the solutions at all (any
more complex treatments actually gave no practical improvements in
our experience). From all those reasons, the form of Eq. (25) is
adopted here.

Here, we consider the �p term again. Although Eq. (25) gave
satisfactory solutions for over high subsonic flows, it produced
numerical oscillations in low Mach numbers (Fig. 3a), whereas
Eq. (18) did not (not shown). This means that the�p term in Eq. (18)
has a favorable effect in stabilizing low-speed flow computations.
Thus, we consider recovering the term that was once eliminated from
Eq. (18) but used only in a low Mach number regime.

The�p term inEq. (18)was designed to be active only in subsonic
flows; however, Table 1 shows that the term plays a role in even high-
speed flows in the direction normal to the shockwave. This favorable
effect works in the subsonic portion of a numerically captured shock
structure; on the other hand, the term behaves in an undesiredmanner
in the parallel direction to the shock, where propagation of numerical
disturbance is encouraged inside the shock. Thus, the dissipation
produced by the pressure difference term should be alleviated in the
shock-parallel direction for high-speed flow computations.
Considering these, the �p term, which is fully active only in very
low Mach numbers and partly active at the shock, is introduced to
Eq. (25) as follows:

_m� 1

2
f��Vn�� � ��Vn�� � j �Vnj��g�1 � g� �

�

2�c
�p (29)

The scheme is smoothly switched from the low-speed mode to the
high-speed one, while its simplicity is maintained by employing the
common function� in Eqs. (14) and (15). Theflux function using this
mass flux function is SLAU. Figure 3b clearly shows SLAU
suppressed instability arose in Fig. 3a. One of the major differences
between the pressure terms (in themassfluxes) of Eq. (18) and SLAU
is in its behavior in the crossflow direction. The pressure function of
Eq. (18) (the last term) is turned off only in the stream direction in the
high Mach number region. On the other hand, the pressure function
of SLAU [Eq. (29)] is designed to be turned off in all the directions for
high Mach flows.

Now, the new numerical flux scheme named SLAU is derived by
combining the mass flux function in Eq. (29) with Eq. (23) and the
pressure function of Eqs. (11–15). The final form of the proposed
scheme appears also in Appendix A. Its performance will be
demonstrated in the next section. The key features of SLAU are
summarized as follows:

1) The pressure term was modified to achieve a low-dissipation
property in a very low Mach number regime. This modification
employed multidimensional velocity components and no problem-
dependent parameters (e.g., cutoff Mach number) in contrast with
[9,10]; hence, its extensive applicability is expected.

2) Unphysical solutions at low and hypersonic speeds are avoided
by introduction of simple functions � and g, which are active only
when needed.

3) In spite of those modifications, the present scheme is parameter
free and simpler than the existing all-speed schemes [9,10].

III. Numerical Examples

A series of test cases are presented in the following.
First, high Mach number cases will show the robustness of SLAU

against known pathological behaviors appearing in some methods
and/or conditions. Then, test cases for low speeds (including aero-
acoustic simulations) will be presented to demonstrate that SLAU
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Fig. 2 Mach number effects of a) g� and b) g�.

Fig. 3 Pressure contours for M � 0:01 circular cylinder flow computed by SLAU a) without �p term [Eq. (25)] and b) with �p term [Eq. (29)].
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can deal with low-speed flows with desirable accuracy and robust-
ness. (As for further comparisons with existing all-speed methods,
see [17], inwhich performances of SLAUare compared in detail with
those of other all-speed schemes in several numerical tests at low
speeds.) Finally, moderate Mach number cases will be conducted to
primarily demonstrate that the typical solutions are obtained by
SLAU with and without viscous effects.

SLAU is compared with two well-known numerical fluxes:
AUSM� [6] and Roe [18] (with entropy fix, for hypersonic cases).
AUSM� is one of predecessors of SLAU, and it known as one of the
robust schemes against shock anomalies. TheRoeflux is the approxi-
mate Riemann solver and known to be vulnerable to carbuncle
phenomena.

The default numerical schemes and setups are described in the
following: a cell-centered finite volume formulation along with the
third-order MUSCL approach is used for spatial discretization; an
lower–upper symmetric Gauss–Seidel (LU-SGS)-type implicit time
integration in these computations [19,20]; and the boundary
conditions are given by controlling values in the ghost cells. The far-
field boundary condition is given by freezing the values in ghost cells
to the far-field values. Although values in ghost cells are not changed,
flux at the interfaces varies reflecting internal values by the approxi-
mate upwind nature of the numerical fluxes. Thus, this treatment is
regarded as an approximate characteristic boundary condition. For
the solid wall, the density and pressure of ghost cells are given by

zeroth-order extrapolation. Point symmetric or mirror symmetric
velocity vectors are set for nonslip and slip walls, respectively.

A. Hypersonic Flow Around Two-Dimensional Blunt Body

(High Mach Number)

We solved the Euler equations and computed a two-dimensional
blunt-body flow at M1 � 8:1. The computational grid consists of
160�circumferential� � 80�wall normal� cells without any stretch-
ing, clustering, or shock alignment (Figs. 4a and 4b). The inflow
(freestream) boundary is 1.5 times the radius away from thewall. The
slip condition is used at the wall, and the other two are outflow
boundaries where the internal variables are merely extrapolated.

The first-order schemes, both in time (forward Euler) and space,
are used with Courant–Friedrichs–Lewy �CFL� � 0:5. All the cases
reached machine-zero convergence at around 30,000 steps or earlier,
and the results are shown in Figs. 4c–4e. The present scheme
(Fig. 4c), similar toAUSM� (Fig. 4d), is free from shock anomalies,
such as carbuncle phenomena in Roe (E-Fix: Harten’s entropy fix)
(Fig. 4e). Furthermore, the captured shock is very smooth but rather
thicker in SLAU compared with AUSM�, which is affected by the
relative position to the grid line [15]. In spite of this, the broader
shock captured by SLAU does not degrade the solution at all. This is
demonstrated in Fig. 5, in which the pressure and temperature
profiles along the centerline (x: its origin corresponds to the

Fig. 4 Grid coordinates and results (32 contour lines for 1:5< P=P1 < 84:0) for M1� 8:1 blunt-body test: a) grid (160 � 80 cells; every other line

displayed), b) coordinates, c) SLAU, d) AUSM�, and e) Roe (E-Fix).
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stagnation point) are extracted from each case, as well as stagnation
values shown in Table 2; SLAU gave correct behavior of pressure/
temperature jump at the shock, and stagnation values showed around
1% error from pitot pressure, P0=P1 � 84:94 and excellent
agreement with total temperature, T0=T1 � 14:12. AUSM�, as
well as SLAU, has a total enthalpy-preserving property, and the
stagnation temperature was well predicted, but its pressure profile
showed a small overshoot at the shock (Fig. 5a); Roe (E-Fix) showed
poor profiles (Figs. 5a and 5b) due to the carbuncle.

Therefore, a satisfactory solution that is not perturbed by the grid
geometry (as in the next example) has been obtained by SLAU in this
case (although Kitamura et al. pointed out in [15,21] that any flux
functions can suffer from shock anomalies under certain setups).
SLAU has been shown to be slightly more diffusive thanAUSM� at
a highMach number (Figs. 4c and 4d), but it has enough resolution of
shocks and boundary layers and shows low dissipation at low Mach
numbers (aswill be shown). These issueswill appear in the following
numerical examples.

B. One-Dimensional Shock Propagation in Two-Dimensional

Channel (High Mach Number, Unsteady)

As pointed out by Quirk [16], 1-D shock propagations computed
using a distorted two-dimensional mesh sometimes show insta-
bilities. The same test is conducted here, andfirst-order schemes both
in time (forward Euler) and space are used. A Mach 6 normal shock
propagation from left to right is computed in a uniformly spaced two-
dimensional domain having20 � 800 (flowdirection) cells (each cell
width is 0.05) with �1:e � 6 perturbations at the centerline of the
channel. Euler equations are solved with CFL� 0:461. Upper and
lower boundaries are treated as slip walls, inflow and outflow
conditions are fixed to initial conditions on both sides of the shock
front, and thewhole domain isfilledwith a stationary gas at the initial
stage. The computation is terminated before the shock reaches the
outflow boundary. Detailed information on computational grids and
conditions can be found in [16]. The results at 1000 time steps are
shown in Fig. 6. It is known that the Roe scheme exhibits the
instabilities, and SHUS, presented in Eq. (18) as a predecessor of
SLAU, also did (Fig. 6b). On the other hand, SLAU did not suffer
from such instabilities (Fig. 6a).

C. Double Mach Reflection (High Mach Numbers, Unsteady)

A planar shock wave propagating in inviscid fluid at Mach 10
reflected by a 30 deg ramp was computed using several numerical
flux functions and compared. A second-order-accurate two-step
explicit scheme was used for time integration with courant number

0.52, and a second-order spatial accuracy was achieved by recon-
struction of primitive variables with van Albada’s limiter [22]. The
grid used has 300 � 1200 cells. The lower boundary is treated as slip
wall, and the left and the right boundary values are fixed to the left
and right states of the shock wave. The condition on the upper
boundary is temporally changed according to the shock propagation.

The jet remains between the legs of the bifurcation shock in
solutions by AUSM� and SLAU (Figs. 7a and 7b), whereas the
result by theRoe scheme shows that a jet blowing rightward along the
wall interacts with the shock (Fig. 7c). In such a complex flowfield, it
is generally difficult to distinguish the shock anomalies like carbun-
cle phenomena from physical complex shock structures. However,
considering characteristics of the Roe scheme for the normal shock
seen in the preceding subsections, it appears reasonable to say that
the solution in the Roe case is contaminated by the carbuncle
phenomena and that SLAU, as well as AUSM�, reproduced a
physical solution. This example clearly highlighted the importance
of suppressing the carbuncle phenomena by the numerical method;
otherwise, the computed flowfields are misunderstood and the
reliability of the numerical solution will be degraded considerably.

D. Removal of Expansion Shock (High Mach Number, Unsteady)

In this set of cases, the Rankine–Hugoniot relation for aM1 � 3
inviscid flow is imposed across the initial discontinuity where
velocity directions are flipped over [23] for left (L: i � 25) and right
(R: i � 26) states:

Q L �

f�M1�
1

0
g�M1�

����1�M2
1
� 1

2f�M1�

2
664

3
775; QR �

1

1

0
1

����1�M2
1
� 1

2

2
664

3
775 (30a)

where

f�M1� �
�

2

�� � 1�M2
1
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The computational domain has 50 cells evenly spaced in one
dimension. The left and right boundary conditions are inflow and
outflow, respectively, where zero slopes are prescribed. Computa-
tions were conducted with the first order in both space and time
(forward Euler) with CFL� 0:65. Only the results of M1 � 3 at
10 time steps are shown in Fig. 8. As is well known, Roe (without E-
fix) produced an expansion shock, and AUSM� suffered from this
problem, as reported in [10]. On the other hand, SLAU successfully
eliminated such an unphysical discontinuity, showing a smooth
transition from subsonic to supersonic states. We also point out that
this behavior is realized evenwheng is turned off [the result of SLAU
(g� 0) was indistinguishable from the SLAU result, thus omitted in
Fig. 8].

Fig. 5 Profiles along centerline: a) pressure and b) temperature.

Table 2 Computed stagnation pressure/temperature

Flux function SLAU AUSM� Roe (E-Fix) Theoretical values

P0=P1 84.02 84.05 30.36 84.94
T0=T1 14.12 14.13 11.84 14.12
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E. Symmetric and Asymmetric Supersonic Expansions (High Mach
Numbers, Unsteady)

To see the effect of function g in the present scheme, we solve 1-D
expansion problems with the following two initial conditions:
1) ML ��10, �L � 1, MR � 10, �R � 1, and �LuL � �RuR � 1;
and 2) ML ��10, �L � 1, MR � 20, �R � 1, and �LuL�
�RuR � 1, for left (L: i � 25) and right (R: i � 26). The results
are shown in Fig. 9. These results clearly show that SLAU, as well as
AUSM�, gives a physical solution for the asymmetric supersonic
expansion thanks to g, whereas there is no role played by g for the
symmetric case. On the other hand, the computation using the Roe
scheme diverged.

F. D’Alembert’s Paradox (Low and Moderate Mach Numbers)

In this example, we compute an inviscid flow around a circular
cylinder. It is known as D’Alembert’s paradox, in which the two-
dimensional object in inviscid subsonic flow has no aerodynamic
drag; however, in computations, the drag is actually introduced in the
form of the numerical errors. In this computation, the surface of the
cylinder is treated as the slip wall and the outer boundary condition is
fixed to that of uniform flow. Polar mesh is used, and the cell number
is 200 �azimuthal� � 50 �radial�. The outer boundary is located at
100R (R: radius), and the smallest mesh size at the cylinder surface is
0.01R. The mesh stretching ratio is about 1.16. The computed drag
coefficients of a circular cylinder in inviscid flows of several Mach
numbers are compared in Fig. 10 (the computed flowfield for SLAU
was already shown in Fig. 3b). Excessive numerical dissipation in the
Roe scheme orAUSM� generated huge and divergent errors in very

low Mach numbers. On the other hand, SLAU showed a much
smaller error, which is almost independent on theMach number. The
absolute level of drag as an indicator of numerical error will be
different if the grid is different. Thus, it is worth comparing only
relative differences due to the numerical flux scheme.

G. Convergence Acceleration by Combination with Time-Derivative

Preconditioning (Low Mach Number)

SLAUdoes not use the scaling of numerical viscosity derived from
the preconditioning matrix; thus, it can be used without the
preconditioningmatrix. Nevertheless, the effectiveness of the combi-
nation with preconditioning on the time derivative is examined for a
low Mach number flow (M1 � 0:001 around a cylinder). The mesh
and boundary condition used is the same as the previous subsection.
It is shown in Fig. 11 that the drag coefficient converged in a few 100
steps with the time-derivative preconditioning method of Weiss and
Smith, as in [1,3], whereas it did not converge until several 10,000
steps without the preconditioning. Thus, SLAU can compute very
low Mach number flows efficiently with the time-derivative
preconditioning.

H. Stationary Rankine Vortex (Low Mach Number, Unsteady)

Preservation of vortices is crucial for accurate computations of
unsteady separated flows. This nature is largely affected by the
amount of the numerical dissipation. To investigate this property of
the SLAU scheme, a stationary Rankine vortex is computed by
several methods, where its radius is twice as large as the grid size
(R� 2�x,�x: cell width) and the peak Mach number is set to 0.01.
Regular structured mesh (cell) of 100 � 100��50 R � 50 R;
R: radius� is used at the center region, and stretched mesh is used
in the outer region. The total mesh size is 300 � 300. The size of the
whole computational domain is 1050R � 1050R. The whole outer
boundary is fixed to a steady condition. The two-stage explicit
Runge–Kutta schemewas used for the time integration. As shown in
Figs. 12 and 13, the computed vortex by the Roe scheme orAUSM�
was smeared out, while that of SLAU almost kept the initial shape of
the vortex.

I. Separated Flows Around a Circular Cylinder (Low Mach Number,

Viscous, Unsteady)

As a typical low Mach number unsteady flow, separated flow
around a circular cylinder is computed. Polar-type grids of several
mesh densities are used. For the time integration, a three-point

Fig. 6 Density contours of propagating shock in two-dimensional channel using distorted mesh [16]. Results of a) SLAU and b) SHUS at 1000 steps are
shown.

Fig. 7 Double Mach reflection computed using a) SLAU, b) AUSM�,
and c) Roe. Carbuncle phenomena are seen in result of Roe scheme. Fig. 8 Removal of expansion shock.
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backward Euler scheme using a matrix free Gauss–Seidel (MFGS;
see Appendix E) implicit algorithm (one of the LU-SGS-type
schemes) [20] is employed with nonlinear inner iterations.

TwoReynolds number cases are computed. The first one is the low
Reynolds number case with Re� 100 (and M� 0:01), in which
periodic shedding of Karman vortices (St
 0:16 [24]) should be
observed. The radius of the computational domain is 200 times the
cylinder radius R, and the smallest mesh size in radial direction is
0:01R. The mesh sizes and stretching ratio are shown in Table 3. The
velocity contours using the coarsemesh computed by SLAUandRoe
schemes are shown in Fig. 14. Periodic vortex shedding is found in
the result of SLAU; on the other hand, the Roe scheme produces
steady separated flow. In the Roe case, huge numerical dissipation,
which is produced by usual numerical flux functions, appeared to
have suppressed the growth of instability. Time histories of the lift
coefficients of each case are shown in Fig. 15. It is seen that, if we use
themediummesh, even the Roe scheme reproduces vortex shedding,
yet the growth of oscillation is slower than that in SLAU.On the other
hand, SLAU with medium mesh gives the almost identical history
with the fine mesh case, showing that the mesh convergence is

Fig. 9 Supersonic expansion results: a) symmetric (Machnumber), b) asymmetric (Machnumber), c) symmetric (density), andd) asymmetric (density).
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achievedwith themediummesh size. In Table 3, Strouhal numbers of
vortex shedding are compared. Again, it is shown that SLAUwith the
coarse mesh is more accurate than the Roe scheme with medium
mesh.

The second case is the high Reynolds number casewithRe� 105,
in which random shedding of small vortices should be observed. For
this case, the size of the mesh is 200 � 200, the radius of the
computational domain is 100R, and the minimum mesh size is set to
10�4R. Pressure contours by the SLAU and Roe schemes are shown
in Fig. 16. It is found that many small vortices are shed in the result of
SLAU, whereas they are all smeared out in that of the Roe scheme.

J. One-Dimensional Sound Propagation

(Low Mach Number, Unsteady)

As the present scheme is based on unpreconditioned compressible
flow equations, it is naturally expected that it can compute sound
propagations directly. Figure 17 compares the computed results of
1-D sound propagations using SLAU and Roe. Again, the two-stage
explicit Runge–Kutta scheme is used for the time integration, the
courant number is 0.5, and the wavelength l is set to 20�x here (�x:
cell width). The cells are uniform up to x� 2:0 (�20l), and highly
stretched meshes are used outside to damp the sound propagation in
order to mimic the nonreflecting boundary. The inflow condition is
given by setting the value in the ghost cell to the prescribed isentropic
acoustic wave, and the outflow is fixed to the steady gas. According
to the results, Roe showed faster decay of acoustic wave amplitude
than SLAU; in other words, SLAU exhibited lower dissipation than
the Roe scheme.

Then, the wavelength-to-cell-width ratio (l=�x) is varied, and its
effect on the decay of thewave is examined. Here, the decay ratio " is
defined:

A� A0�1 � "�x=l (31)

where A is the wave amplitude, and A0 is the amplitude at x� 0.
With A and A0, the amplitudes of the pressure fluctuations are
approximated.

Figure 18 compares the decay ratio " of the SLAU and Roe
schemes for one wavelength propagation with different (l=�x). It is
shown that the decay ratio " reduces with larger (l=�x) (i.e., higher
numbers of grid points per wavelength) and that " for SLAU is about
a half of that for the Roe scheme for any (l=�x). Therefore, it is
demonstrated that SLAU can be applied for aeroacoustic simulations
with better accuracy than the Roe scheme.

K. Euler Solution of NACA0012 Airfoil (Moderate Mach Numbers)

Computed pressure profiles on aNACA0012 airfoil at a 3� angle of
attack of several Mach numbers (M1 � 0:1, 0.6, and 0.7) are shown
in Fig. 19. The surface of the airfoil is treated as the slip wall, and the
outer boundary condition is fixed to that of uniform flow. An O-type
mesh is used, and the cell number is 400�circumferential��
70�wall normal�. The outer boundary is located at 100C (C: chord
length), and the smallest mesh size on the airfoil surface is 10�4C.
Thus, the mesh stretching ratio is about 1.190. The Roe scheme and
SLAU are used with second-order MUSCL along with van Albada’s
limiter [22]. This example is selected to demonstrate that both results
are almost identical and shownooscillations, regardless of the choice
of Mach numbers.

In addition, we intentionally eliminatedmultidimensional compo-
nents in Eq. (15) (thus, only a face-normal component is used) for the
M1 � 0:6 case to investigate their effects. The computed flowfields
are shown in Fig. 20. This figure reveals that the use of a
multidimensional Mach number in Eq. (15) is necessary instead of
the cell-interface normal Mach number, as mentioned earlier.

L. Viscous Flow over Flat Plate (Moderate Mach Number, Viscous)

As in [25], M1 � 0:2 viscous flow over a flat plate is solved by
using different flux functions, along with MUSCL without a limiter,
and the second-order Runge–Kutta method (Fig. 21). The viscous
term is given by a conventional second-order central difference.
Computations are conducted for 50,000 time steps with CFL� 0:5,
which achieved three orders of density-residual reduction. The
inflow boundary is placed a 4% plate length ahead, and the
freestream condition is imposed with Riemann invariants conserved;

Fig. 13 Pressure contours of stationary Rankine vortex computed using a) SLAU and b) Roe.

Table 3 Comparison of Strouhal number of vortex shedding by SLAU and the Roe scheme using several meshes

Scheme SLAU Roe Experiment [24]

Mesh (radial � azimuthal,
stretching ratio)

100 � 100, 1.076 150 � 200, 1.047 300 � 400, 1.020 100 � 100, 1.076 150 � 200, 1.047 ——

Strouhal no. 0.1616 0.1636 0.1639 —— 0.1552 0.16
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all the primitive variables are extrapolated at the outflow and upper
boundaries except for pressure, which isfixed as freestream value.As
for the bottom boundary, the nonslip wall condition is employed at
the plate and the slip condition at its upstream. The grid has 60 � 40
cells in flow and wall-normal directions, respectively (all the runs
used the same grid). The grid spacing near the wall is 1:e � 5 plate
length, and it is stretched upward with the ratio of 1.2. The wall
condition starts from i� 11 at the bottom boundary, and velocity
profiles are extracted along the i� 31 line where the Reynolds

number based on the distance from the leading edge is Re�
2:7e� 4. The results show that SLAU well reproduced Blasius’
analytical velocity profile as the Roe flux.

M. Turbulent, Transonic Flow over NACA0012 Airfoil (Moderate

Mach Number, Turbulent)

Finally, a transonic flow around the NACA0012 airfoil has been
calculated again but with a different condition: M1 � 0:703,

Fig. 14 Velocity contours of flows around cylinder atM � 0:01 computed by a) SLAU and b) Roe schemes using coarse (100 � 100) mesh.
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Fig. 16 Pressure contours around cylinder in inviscid flow atM1 � 0:01 computed by a) SLAU and b) Roe.
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	� 3:22�, and Re� 3:75 � 106, following [26]. This test is chosen
to see viscous effects in a practical case involving a shock and a
turbulent boundary-layer. SLAU, Roe, and AUSM� are employed
for calculation of the inviscid term. TheGreen–Gauss formula [27] is
used for second-order spatial reconstruction coupled with
Venkatakrishnan’s limiter [28] with Wang’s correction ("0 � 0:05)
[29]. The Baldwin–Lomax [30] model is used with Wang’s viscous
term [11]. Computations are conducted with CFL� 20 (three
inner iterations) for 10,000 time steps. The computational grid is O
type having 200 �circumferential� � 100 �wall normal� cells, and
the minimum spacing near the wall is 5:e � 6 chord length with the
stretching ratio 1.1 outward. The outer boundary is 20 times the

chord length away, and the aforementioned freestream condition is
prescribed; the nonslip condition is used at the wall.

Figure 22 shows the typical computed flowfield and surface
pressure coefficient profiles. The results by SLAU, Roe, and
AUSM� are very similar, including the shock profiles. In other
words, at a moderate Mach number, SLAU shows a comparable
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performance towell-known schemes such asRoe andAUSM�, even
with shocks and turbulent effects.

IV. Conclusions

A new, parameter-free simple compressible numerical flux
function of the AUSM family for all speeds, named SLAU, is pre-
sented. Although no tunable parameters (e.g., cutoffMach number or
reference velocity) are needed, SLAU is accurate, robust, and
efficient for computations of wide-ranging Mach numbers. It hardly
encounters shock anomalies, such as the carbuncle phenomena at
high speeds, while it exhibits low numerical dissipation at low
speeds.

The overall present strategy for construction of the scheme is
summarized as follows: 1) use of AUSM-type formulation,
2) modification of the pressure term in the momentum equation for
low dissipation, 3) activation of the pressure difference term in the
mass flux function at low Mach numbers, 4) designing the pressure
term in the mass flux to suppress shock anomalies at high Mach
numbers, and 5) use of a common expression for the pressure
function and multidimensional Mach number term.

In particular, by using multidimensional velocity components
rather than only a face-normal one, SLAU eliminated the need of a
cutoff Mach number required in other all-speed schemes. Thus,
SLAU can be applied to any low Mach numbers without any
adjustments depending on problems. This is desirable in internal
flow simulations where no uniform flow is properly defined.
Furthermore, the multidimensional term can readily be extended to
unstructured grids.

Then, numerical tests demonstrated the following features of
SLAU: 1) robustness against the known pathological behaviors in
hypersonic flows; 2) low dissipation and a wide applicability,
including aeroacoustics at low speeds; 3) dramatically accelerated
convergence in combination with time-derivative preconditioning at
a very low Mach number (although no parameters are derived from
the preconditioningmatrix); and 4) performances at moderate speeds
comparable with well-known schemes such as Roe and AUSM�,
even with viscous effects.

All in all, SLAU is promising, because it exhibits no severe
problems from a low speed to a moderately supersonic speed, and it
hardly does in a hypersonic flow. SLAU is simpler than existing all-
speed AUSM-family schemes and involves no tunable parameters;
hence, it can easily be coded and extended for complex physics, such
as multispecies and multiphase flows.

Appendix A: Formulation of Simple Low-Dissipation
Advection Upstream Splitting Method

The numerical flux of the AUSM-family scheme including SLAU
is written as

~F� _m� j _mj
2

�� � _m� j _mj
2

�� � ~pN (A1)

� � �1; u; v; w; h�T (A2)

N � �0; xn; yn; zn; 0�T (A3)
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Fig. 21 Resolving boundary layer over flat plate (result of Roe taken from [25]).
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Fig. 22 Results forNACA0012 airfoil atM1 � 0:85,�� 1:25 deg, andRe1 � 3:75 � 106: a)Mach number contours (SLAU) and b) pressure profiles.
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h� �e� p�=� (A4)

The mass flux function of SLAU is given by

_m� 1

2
f��Vn�� � ��Vn�� � j �Vnj��g�1 � g� �

�

2�c
�p (A5)

�� �1 �M
_

�2 (A6)

M
_

�min

 
1:0;

1

�c

������������������������������������������������������������������������������
u�2 � v�2 �w�2 � u�2 � v�2 � w�2

2

r !

(A7)

j �Vnj �
��jVnj� � ��jVnj�

�� � �� (A8)

g��max�min�M�; 0�;�1	 
min�max�M�; 0�; 1	 2 �0; 1	
(A9)

M� � V
�
n

�c
� u

�xn � v�yn �w�zn
�c

(A10)

�c� �c� � c��=2 (A11)

Finally, the pressure function is given by

~p� p
� � p�
2

� �� � ��
2

�p� � p��

� �1 � ����� � �� � 1�p
� � p�
2

(A12)

�� �
(

1
4
�2�M���M� � 1�2 for jM�j< 1

1
2
�1� sign��M��	 otherwise

(A13)

Appendix B: Formulation of AUSM�-up
For comparison, the formulation of AUSM�-up is reviewed. The

general expression is common to the one in SLAU:

~F� _m� j _mj
2

�� � _m � j _mj
2

�� � ~pN (B1)

� � �1; u; v; w; h�T (B2)

N � �0; xn; yn; zn; 0�T (B3)

h� �e� p�=� (B4)

The mass flux, pressure flux, and other functions are written as
follows:

_m�M1=2c1=2

�
�L if M1=2 > 0

�R otherwise
: mass flux (B5)

M1=2 � f�M � f�M �Mp (B6)

f�M �
(

1
2
�M� jMj�; if jMj � 1

�1
4
�M� 1�2 � 1

8
�M2 � 1�2; otherwise

(B7)

Mp ��
Kp
fa

max�1 � 
 �M2; 0�pR � pL
�1=2c

2
1=2

; �1=2 �
�L � �R

2

(B8)

~p� ��j	pL � ��j	pR � pu: pressure flux (B9)

��j	 �
(

1
2
�1� sign�M�	; if jMj � 1

1
4
�M � 1�2�2�M� � 	M�M2 � 1�2; otherwise

(B10)

pu ��Ku������L � �R��fac1=2��V�n � V�n � (B11)

c1=2 �min� ~cL; ~cR�; ~cL � c�2=max�c�; V�n �
~cR � c�2=max�c�;�V�n � (B12)

c�2 � 2�� � 1�
�� � 1� h (B13)

	� 3

16
��4� 5f2a� (B14)

fa�Mo� �Mo�2 �Mo� (B15)

M2
o �min�1;max� �M2;M2

1�	 (B16)

�M 2 � V
�2
n � V�2n
2c21=2

(B17)

with the following parameters:

Kp � 0:25; Ku � 0:75; 
 � 1:0 (B18)

Appendix C: Formulation of AUSM�
The formulation of AUSM� is reviewed. Again, the general

expression is common to the one in SLAU:

~F� _m� j _mj
2

�� � _m� j _mj
2

�� � ~pN (C1)

� � �1; u; v; w; h�T (C2)

N � �0; xn; yn; zn; 0�T (C3)

h� �e� p�=� (C4)

The mass flux, pressure flux, and other functions are written as
follows:

_m�M1=2c1=2

�
�L if M1=2 > 0

�R otherwise
: mass flux (C5)

M1=2 � f�M � f�M (C6)

f�M �
�

1
2
�M� jMj�; if jMj � 1

�1
4
�M� 1�2 � 1

8
�M2 � 1�2; otherwise

(C7)

~p� ��j	�3=16pL � ��j	�3=16pR: pressure flux (C8)
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��j	 �
(

1
2
�1� sign�M��; if jMj � 1

1
4
�M� 1�2�2�M� � 	M�M2 � 1�2; otherwise

(C9)

c1=2 �min� ~cL; ~cR�; ~cL=R � c�2=max�c�; jV�n j� (C10)

c�2 � 2�� � 1�
�� � 1� h (C11)

Appendix D: Weiss and Smith Preconditioning Matrix

The preconditioning matrix ofWeiss and Smith [1] is described as
follows:

��1 � I � �1 � "��� � 1�
c2


 diag� 1; u; v; w; H �




q2

2
�u �v �w 1

q2

2
�u �v �w 1

q2

2
�u �v �w 1

q2

2
�u �v �w 1

q2

2
�u �v �w 1

0
BBBBBBBBB@

1
CCCCCCCCCA

(D1)

"�min�1;max�KM2;M2
co�	 (D2)

q2 � u2 � v2 � w2 (D3)

whereK is constant, usually taken as 0.25–1.0 (K � 1:0 is chosen in
this work), andMco is the cutoff Mach number, which is as the same
order as freestream Mach numberM1.

Appendix E: Formulation of Preconditioned Matrix
Free Gauss–Seidel and Lower–Upper Symmetric

Gauss–Seidel with Preconditioning

Navier–Stokes equations for viscous compressible flow can be
written in the finite volume form, including the local preconditioning
matrix as follows:

Vi
�ti

�Qi � ��1i
X
j

� ~Fi;j � ~Ri;j�si;j � 0 (E1)

�Qi �Qn�1
i �Qn

i (E2)

where Qi are the vectors of the conservative variables of cell i; ~Fi;j
and ~Ri;j are the inviscid and viscous fluxes normal to the cell face
from the cell i to one of its surrounding cells j; si;j is the area of the
cell interface of i and j; and ��1i is the local preconditioning matrix.

The Euler implicit time integration can bewrittenwith introducing
approximation using linearization and first-order upwinding in the
right-hand side as�

Vi
�ti

I�
X
j

si;j�
�1
i

~A�i;j

�
�Qi �

X
j

si;j�
�1
i

~A�j;i�Qj

����1i
X
j

� ~Fi;j � ~Ri;j�si;j (E3)

~A �i;j �
j ~Aji;j � ~Ai;j

2
(E4)

~A i;j �
@ ~Fi;j
@Q
�
@ ~Ri;j

@Q
(E5)

where jAj is a matrix in which eigenvalues are replaced by their
absolute values of Jacobian matrix A. According to the diagonal
dominance of the system, we can use the Gauss–Seidel iteration to
solve this linear system as

�Qnew
i �

�
Vi
�ti

I�
X
j

si;j�
�1
i

~A�i;j

��1
��1i

�X
si;j ~A

�
j;i�Qrecent

j

�
X
j

� ~Fi;j � ~Ri;j�si;j
�

(E6)

The approximate Jacobian matrix proposed by Jameson and Turkel
[19] is introduced for simplification as

���1i ~Ai;j�� 

��1i ~Ai;j � 
i;jI

2
(E7)

Here, 
 is the spectral radius using variables at cell i, in the direction
from i to j, defined by the following equation by applying the
preconditioning matrix of Weiss and Smith [1] and adding the
viscous term,


i;j �
1

2
f�1� "�jVni;jj �

�����������������������������������������
�" � 1�2V2

ni;j � 4"c2i

q
g �

2��� �T�si;j
�iVi

(E8)

with the parameter " to control numerical sound of speed. Here, " is
defined as

"�min�1;max�M2;M2
cutoff�	 (E9)

By using this approximation, themultiplication of the blockmatrix in
Eq. (E6) is simplified to a scalar division:

�Qnew
i � ��1i

�X
si;j ~A

�
j;i�Qrecent

j �
X
j

� ~Fi;j � ~Ri;j�si;j
�

��
Vi
�ti
� 1

2

X
j

si;j
i;j

�
∵
X
j

si;j ~Ai;j � 0 (E10)

Other matrix operations are also simplified using the reverse
linearization,

���1i ~Aj;i���Qj 

��1i ~Aj;i � 
j;iI

2
�Qj



��1i �F̂j;i�Qn

j ��Qj� � F̂j;i�Qn
j �� � 
j;i�Qj

2
(E11)

F̂ j;i �

�Vn
�uVn � pxn
�vVn � pyn
�wVn � pzn
�e� p�Vn

0
BBB@

1
CCCA (E12)

I. Preconditioned Matrix Free Gauss–Seidel

The summation of the matrix multiplication in Eq. (E10) is further
simplified, changing the position of variable. Be careful to the
change between the second line and the third line in the following
equation:

SHIMA AND KITAMURA 1707



X
j

si;j���1i ~Aj;i���Qj



X
j

si;j
��1i �F̂j;i�Qn

j ��Qj� � F̂j;i�Qn
j �	 � 
j;i�Qj

2



X
j

si;j
��1i �F̂j;i�Qn

i ��Qj� � F̂j;i�Qn
i �	 � 
i;j�Qj

2

���1i
X
j

si;j
F̂j;i�Qn

i ��Qj�
2

�
X
j

si;j

i;j�Qj

2
∵
X
j

si;jF̂j;i�Qn
i ���

X
j

si;jF̂i;j�Qn
i �� 0 (E13)

Finally, the Gauss–Seidel iteration that contains no block matrix
operation, named the preconditioned MFGS (PMFGS) scheme, is
defined as

�Qnew
i �

�
��1i

�X
j

si;j
F̂j;i�Qn

i ��Qj�
2

�
X
j

si;j�F̂i;j � ~Ri;j�
�

�
X
j

si;j

i;j�Qj

2

���
Vi
�ti
�
X
j

si;j

i;j
2

�
(E14)

Note that ��1 becomes the identity matrix and PMFGS becomes the
original MFGS [20] when " is chosen to be unity. Also note that the
multiplication of ��1 in Eq. (E14) turns to become the simple vector
operation,

� �1i �Q � �Q �
�1 � "��p

c2
�1; u; v; w; h�T (E15)

�p � �� � 1�
�
u2 � v2 �w2

2
��� u��u � v��v � w��w� �e

�

Thus, the increase of computational costs is small [1]. The order and
number of sweeps are arbitrarily chosen in MFGS; however,
symmetric sweeps are preferred for subsonic flows.

II. LU-SGS with Preconditioning

On the other hand, the LU-SGS scheme with the preconditioning
matrix is written as follows:

Forward sweep:

�Q�i � ��1i

� X
j2lower

si;j ~A
�
j;i�Q�j �

X
j

� ~Fi;j � ~Ri;j�si;j
�

��
Vi
�ti
�
X
j

si;j

i;j
2

�
(E16)

Backward sweep:

�Qi ��Q�i � ��1i

� X
j2upper

si;j ~A
�
j;i�Qj

�
=

�
Vi
�ti
�
X
j

si;j

i;j
2

�

The reverse linearization defined by Eq. (E10) can be also used as
well. Note that the approximation used in Eq. (E13) cannot be used in
LU-SGS.
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